We have investigated effects of an external magnetic field in the impurity Anderson model with a finite on-site Coulomb repulsion U . Large N f expansion is employed in the slave boson representation, by taking into account f 0 , f 1 , and f 2 subspaces. To evaluate the vertex function for the "empty state boson" self-energy, we have devised two approximations which reduce much computational efforts without losing general features of the model. It is found that the Kondo temperature is reduced by the presence of a magnetic field, and that at low field and at low temperature, the field dependence of both the Kondo temperature and the impurity magnetization exhibits a scaling behavior with high accuracy. Further, some interesting features are found in the field dependence of the impurity magnetization at finite temperature, the physical implications of which are discussed in terms of the renormalized Kondo temperature.
I. INTRODUCTION
Heavy fermion and valence fluctuation phenomena (see e.g., [1, 2] ) observed in Ce and Yb compounds have been often described by the impurity Anderson model [3] . Due to a large on-site Coulomb repulsion U between f -electrons, these compounds are considered as typical examples of strongly correlated systems to which the conventional canonical perturbation technique cannot be applied. A systematic large-N f (N f the spin and orbital degeneracy) expansion method has been used for the assumed infinite-U model to describe dynamical as well as thermodynamic properties [4, 5] . The infinite-U treatment allows one to consider only f 0 and f 1 subspaces of f -electrons, and thus makes the problem quite simple. However, this scheme cannot be justified for realistic systems because U is not an infinity (5∼ 6 eV typically). Especially in Ce compounds, f 2 configurations are even energetically comparable to the f 0 configuration.
In the "spin fluctuation" limit (or Kondo limit), the finite-U effect is manifested in various physical properties through the renormalized Kondo temperature T A . The renormalization of T A arises from the change of the exchange coupling constant J between conduction electron and f -electron spins due to a finite U, in a sense of the Schrieffer-Wolff transformation [6] . While this effect was recognized in the exact Bethe ansatz approach [7] and also in the numerical renormalization group approach [8] for N f = 2, more appropriate descriptions of the systems with N f > 2 were provided by the large-N f treatments including the f 2 -subspace in the variational approach [1, 9] and in the perturbational approach [10] [11] [12] [13] [14] [15] .
Using the generalized slave boson technique, Schiller and Zevin [14] have shown that the lowest order perturbation expansion reproduces the exact N f → ∞ variational result at zero temperature (T = 0) [9] .
In this paper, we have investigated effects of an external magnetic field (H) in the finite-U impurity Anderson model, employing the slave boson technique [16] which is generalized to the finite-U case [11] . To our knowledge, there has been no previous study of considering both the finite-U and the magnetic field effect, simultaneously. We obtain the Kondo temperature and the impurity magnetization as a function of U and H. The impurity magnetization at a finite temperature is also determined. In the finite-U case, a set of coupled integral equations appears even in the lowest order 1/N f expansion. In order to solve the coupled integral equations, we have exploited simplifying approximations which reduce substantial computational efforts. This treatment allows one to study easily even anisotropic systems, such as those with an external magnetic field or with crystalline fields.
The paper is organized as follows. In section II, the large-N f slave boson theory is formulated for the finite-U impurity Anderson model. In section III, approximation schemes used in evaluating the integral equations are described, and the U-dependence of the Kondo temperature is provided. Section IV is devoted to studying the model in the presence of the external magnetic field both at T = 0 and at a finite temperature. A special attention is paid to the field dependence of the magnetization. Finally, conclusions are summarized in section V.
II. LARGE-N f SLAVE BOSON TREATMENT
We consider the finite-U impurity Anderson Hamiltonian in a partial wave representation: 
In this scheme, the Hamiltonian becomes
This Hamiltonian commutes with the "charge" operator Q defined by
Physical quantities of the impurity Anderson model should be obtained with the constraint Q = 1. One way to impose the constraint is to add a 'chemical potential' term λQ to H, and to project it onto the physical subspace Q = 1 by taking λ → ∞ at the end of calculation [16] .
With this prescription, the partition function and other quantities are expressed in terms of the spectral functions ρ α (ω), α = b, f m , d mm ′ corresponding to the f 0 , f 1 , f 2 states, respectively. The total partition function can be decoupled to a product Z c Z f , where Z c is the partition function of the non-interacting conduction electrons and Z f is the impurity contribution given by
Each of the spectral function is related to the imaginary part of the corresponding retarded Green's function G α (ω) :
The Green's functions are written in terms of their self-energies Π, Σ fm , D mm ′ :
with a positive infinitesimal number δ. The self-energies can be evaluated by using the "NonCrossing Approximation (NCA)" which is generalized for the finite-U [10] [11] [12] [13] [14] . Recall that the NCA has been very successful for the infinite-U model [5, 16, 17] . The "generalized NCA" scheme leads to coupled integral equations containing complicated vertex corrections. For this reason, it is practically impossible to solve the equations exactly, and so some simplifying approximations are necessary to resolve the problem.
Instead of using the generalized NCA, we adopt here a simple picture of considering
In fact, crucial finite-U effects are incorporated already in the lowest order diagrams, as shown below. Figure 1 shows the lowest order diagrams for the self-energies of the empty boson and the pseudo-fermion f .
The self-energy of the heavy d-boson has no contribution in the lowest order. Diagrams in Fig.1 are calculated by using the standard Feynman rules with the projection procedure mentioned above:
with the vertex function,
and
Here f (ε) is the Fermi-Dirac distribution function, and ∆ ≡ πρ(ε)V 2 (ε) is the hopping rate of an electron between conduction band and impurity state in a magnetic channel. Here 
III. APPROXIMATIONS AND THE KONDO TEMPERATURE
Thermodynamic properties of the finite-U impurity Anderson model in the restricted subspaces f 0 , f 1 , and f 2 are determined entirely by the spectral functions ρ α (ω). The ground state energy E 0 is obtained from the lowest pole of ρ b (ω) at T = 0, which corresponds to a non-magnetic ground state. Using Eq.(7a), one gets the following equation for E 0 :
with Π calculated at T = 0, where E 0 is real. Similarly, the lowest poles of ρ fm (ω) yield magnetic excited energiesε fm satisfying
Σ fm (ε fm ) has no imaginary part in the temperature range of interest, T < ∼ T A . The "Kondo temperature" T A , which is defined by the difference between the ground state energy E 0 and the lowest excited state energy min {ε fm }, characterizes the low temperature and low energy properties of the model. E 0 andε fm calculated in this fashion reproduce the exact N f → ∞ ground state and the excited state energy, respectively, obtained by the variational approach [9, 14] .
To get E 0 , one should solve numerically the set of coupled integral equations involving the vertex function Γ m . Note that in the infinite-U case, Γ m = 1. To solve the equation, we have devised two simple approximations, which can be readily applied to anisotropic systems without much computational efforts. In Γ m , there are two independent energy variables, ω and ε. While Γ m has a large dependence on ω near ω = E 0 , due to G f m ′ (ω + ε ′ ) in the integrand of the Eq.(7b), it has relatively a weak dependence on ε. The ε dependence of Γ m
. This dependence would be weaker for larger U. Thus we replace Γ m ′ (ω; ε ′ ) in the integrand by Γ m ′ (ω; ε) to avoid solving the coupled integral equations. Actually, this corresponds to neglecting some energy conservation of diagrams for vertex function in Fig.1 . However, owing to the weak dependence on ε of the Eq.(7b), this approximation turns out to be quite good, as will be shown below. The resulting equation reads
where
Now Eq.(10a) is merely a linear algebraic equation of Γ m 's for given energy variables ω, ε.
This is our first approximation (I).
The equation can be further simplified by representing the pseudo-fermion Green's function as
where z fm is the renormalization coefficient at ω =ε fm defined by
This representation is quite reasonable, since the incoherent background of G fm for large U is located at very high energy (ω > E 2mm ′ ) as compared toε fm , and the weight of the incoherent part (1 − z fm ) would be very small (note that it becomes zero for infinite U).
Thus representing G fm by Eq.(11a) makes no practical difference in evaluating Eq.(10b) for large U. Then Λ mm ′ in Eq.(10b) can be obtained analytically at T = 0,
This is our second approximation (II).
The present approximation schemes yield fairly good results of the ground state energy This demonstration indicates that the approximations (I) and (II) we employed are very reasonable at least relatively large U. Deviations from the variational calculations for smaller U appear because the approximation schemes made above become less exact for smaller value of U, as pointed out above. We used in Fig.3 quite a large value of the half-bandwidth B = 24 eV. One can conjecture that the approximation (I) works better for a realistic smaller bandwidth, e.g. 2B < O(10eV), because, for smaller B, the ε ′ -dependence of the vertex function Γ m ′ (ω, ε ′ ) in the integrand of Eq.(7b) would be weaker.
IV. SCALINGS IN THE PRESENCE OF THE EXTERNAL MAGNETIC FIELD
With the approximation schemes described in the previous section, we investigate effects of the external magnetic field in the finite-U impurity Anderson model. By applying the external field H = Hẑ to a degenerate system (ε fm = ε f ), Zeeman splitting occurs in the localized f -levels; ε fm = ε f + gµ B Hm, m = −j, −j + 1, · · · , j, (2j + 1 = N f ). Conduction electron polarization is neglected, since its contribution is perturbatively small [18] .
The Kondo temperature in the presence of H is also obtained from the energy difference between the ground state and the lowest excited state energy. Figure 4 plots the magnetic field dependence of T A . T A 's are normalized by their zero-field values as given in Table I 
The solution of Eq.(13) can be regarded as an N f -dependent scaling function characterizing the low T and low H properties of the model. Using the Kondo temperature T A rescaled by U, the scaling of Eq.(13) will be also valid in the finite-U case.
The impurity contribution to the magnetization M imp of the system can be obtained from the relation
The ground state is no longer non-magnetic in the presence of the magnetic field, since the field polarizes both the impurity electrons and the conduction electrons. In temperature NCA scheme [20] as well as by the mean field approximation [21] in the infinite-U, large-N f treatments of the Anderson model. The superlinear behavior has its origin in the fact that the Kondo resonance, which is located near T A above the Fermi level, becomes narrower as N f increases. That is, the Kondo resonance is sharply defined for large N f , implying a strong screening effect. As a consequence, the spin polarization does not begin to dominate, until the magnetic field becomes comparable to T A . As the Zeeman energy is comparable to k B T A , the magnetic field overcomes the screening by conduction electrons, and the spin polarization dominates the system. It is quite natural that the superlinearity is present in our finite-U model, in view of the almost perfect scaling of M imp (H) in the low field regime. The superlinearity persists at low T /T A , but disappears at higher temperature because of suppression of the Kondo resonance.
At finite temperature, the situation is more intriguing. For a given low T , M imp (H) shows a reupturn at a certain field H * (denoted by arrows in Fig.6 ), apart from the superlinearity at lower field. Making more investigation into this anomaly, one could find that the Kondo temperature at the reupturn point is nearly equal to a given temperature of the system, that is, T A (H * ) ≃ T . This phenomenon could be understood as follows. For a given low T , M imp (H) has a superlinearity at low H, but diminishes its increasing rate for intermediate values of H. As H increases further, M imp (H) exhibits a reupturn at H = H * which fulfills
It takes place because the population in the lowest excited magnetic state increases abruptly at the point satisfying T A (H * ) ≃ T , producing observed reupturns at H * .
It is shown in Fig.6 that the reupturn smears out at higher temperature, since the Kondo resonance is suppressed at high temperature. Another thing to note is that the scaling of M imp (H) at finite T is not so good as that at T = 0. Fig.7 ). This non-monotonic behavior in the temperature dependence of the magnetic susceptibility is known to be more pronounced for a system with larger N f [22] , and is considered to have the same origin as that of the superlinearity in M imp (H) [20] . 
APPENDIX:
Let's consider the Kondo temperature in the presence of the applied magnetic field for U = ∞ case. Degenerate f -levels split by the magnetic field. The energy levels can be expressed in terms of the Kondo temperature, as defined in section III :
where m = 0, 1, 2, · · · , N f − 1. In the U → ∞ limit, Eq.(8) reduces to
at T = 0. Analytical evaluation of Eq.(A2) with Eq.(A1) yields
In the derivation, we used the condition, B ≫ N f gµ B H and B ≫ T A . Eq.(A3) corresponds to Eq.(13). 
